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Abstract 

We prove that fc-th singular cohomology group of the complement of 
the theta divisor in a hyperelliptic Jacobian is isomorphic to the fc-th 
fundamental representation of the symplectic group Sp(2g,C). This is 
one of the conjectures in the paper pjj. 



1 Introduction 

In our previous paper jn| the integrable system associated with the family of 
hyperelliptic curves is studied. The space of functions on the phase space modulo 
the action of commuting integrals of motion is interpreted as some cohomology 
group. Making extensive use of the character method several conjectures are 
proposed on the structure of certain cohomology groups. Among them is the 
following conjecture on the dimension of the singular cohomology groups of the 
complement of the theta divisor in a hyperelliptic Jacobian variety: 

dim H k (J(X) -Q,C)=( y 2 k)-( Kk 29 2 ), k<g, 

where g is the genus of the hyperelliptic curve X. In this note we shall prove 
this formula. More precisely the singular cohomology group H k (J(X) — 8, C) is 
shown to be isomorphic to the k-th fundamental representation of the symplectic 
group Sp(2g,C) (see Corollary ||) which is also conjectured in 

In section 2 we determine the topological Euler characteristic of the theta 
divisor of a hyperelliptic Jacobian. Then we study the singular cohomology 
groups of the theta divisor and the complement of the theta divisor in section 3. 
We use the result of Bressler and Brylinski Q which says that the singular coho- 
mology groups and the intersection cohomology groups of the theta divisor of a 
hyperelliptic Jacobian are isomorphic. For the intersection cohomology groups 
Poincare duality holds. Since lower cohomology gropus of the theta divisor are 
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known from the Lefschetz theorem on hyperplane sections, other cohomology 
groups except that of the middle dimension are calculated using the Poincare 
duality. Finally the cohomology group of half degree is determined using the Eu- 
ler characteristic calculated in section 2. The calculation of cohomology groups 
of the complement of the theta divisor needs a bit more arguments. 

Acknowledgement. I would like to thank K. Cho for stimulating discussions 
and the interest on this work. A part of this work was done while the author 
stays at CRM in Universite de Montreal for concentration period on quantum 
algebras and integrability. I would like to thank to this instiution for financial 
support and kind hospitality. 

2 Topological Euler Characteristic of Theta Di- 
visor 

In this section we shall prove 

Theorem 1 Let X be a hyperelliptic curve of genus g>l, J(X) the Jacobian 
variety of X and the theta divisor. Then, the topological Euler characteristic 
of is given by 

* i ^ ( -" h (( 2 ;)-( 1 25 .))' c» 

We can assume that X is determined by an equation y 2 — f{x) with f{x) 
being a monic polynomial of degree 2g + 1 without multiple zeros. The curve X 
has one point at infinity which we denote by oo. The hyperelliptic involution a 
is defined by a(x, y) = (x, —y) and er(oo) = oo. Let S n X be the n-th symmetric 
products of X and ir n : X n — ► S n X the projection map. For the sake of 
convenience we set S°X — {oo} and S n X = for n < 0. We use the bracket 
symbol to denote a point of S n X: n n (pi, ■ ■ ■ ,p n ) = [pi, • ■ • ,p n ]- 

The Jacobian variety J(X) can be considered as the group of linear equiva- 
lence classes of divisors of degree zero. Let (p n be the Abel-Jacobi map 

<p n : S n X~^J{X) 

[pi, ■ ■ ■ ,p n ] h-» pi H \-p n - nco 

and W n the image of tp n , W n = (p n (S n X) for n > 1. We set W — <A)(°o) = {0} 
and W n — for n < 0. By Riemann's theorem 9 = W g -\ + k, where k is 
Riemann's constant with respect to the choice of the base point oo. 

For a hyperelliptic curve the structure of Wk is well understood. To see it 
we recall some notations on special divisors from jlj . Define 

CI = {D e S d X I dimH°(X, 0{D)) > r + 1}, W r d = Vd {Cl). 
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In particular C\ = S d X, Wj = W d . 

A linear system V = PV , V C H°(X, O(D)), is called g r d if degD = d and 
dim V = r + 1. Here PV means the projectivization of the vector space V. 

We refer the following fact about g d on a hyperelliptic curve pl3). 

Theorem 2 y4n?/ complete g r d on X is of the form 

rg\ +pi H hp d -2r, 

where p x , • • • ,p d -2r G A and 7^ <r(p 3 -) /or any i 7^ j. 

The only c/2 on X is the complete linear system 
|2oo| ={p + o-(p)\p£X}. 

Thus, by Theorem |, 

C d = {[PX,0-(pi), • • • • • • ,Pd- r ] ' ' ' ,Pd-r € A}. 

This means, in particular, that W d — W d - 2r and C d = f d 1 (W d ). Thus W d _ 2 
is exactly the singular locus of W d by Riemann-Kempf 's singularity theorem 
(0, p56). Notice that C r d = for d - 2r < 0. 
We have the diagram 

s k x ^ w k 
u u 
cl — > w fe _ 2 . 

By Theorem [2] and Riemann-Kempf 's singularity theorem, the isomorphism 

S k X -Cl~ W k - W k - 2 

holds. Since S k X, C\, Wk, Wk-2 are all algebraic varieties, we have (c/.||, 
P 95) 

x(S k X)- x (Cl)=x(Wk)-x(Wk-2). (2) 

We set x(0) = 0. Then this equation is valid for all k > 0. We sum up (0) over 
k and get 

X(6) = xC^-O = £ x{S°- l - 2k X) X^-x-afc)- (3) 

fc>0 fc>0 
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Proposition 1 

X (Cl) = 2 X (S n - 2 X) - xiS-'X). (4) 

Proof. Notice that 

C^ = {\p,a{p)]\ P eX}^X/{l,a}^P\ 
We identify P 1 with C\ by this isomorphism. We define the map by 
r { k n) : ^P 1 x S n ~ 2k X — > C* 

T k ([[Pi>°'(Pi)]r- • , [Pfe,o-(p fc )]], [pfc+i, ■ • • ,p„-fe]) = 



Then 



and 



\pi,o-(pi), •■•,pk, a(p k ),Pk+i, ■ ■ ■ ,Pn-k}- 

(rf ) )- 1 (^ +1 )=5 fc P 1 xC^ 2fc , 



(^P 1 x S n - 2k X) - (rf ^(C** 1 ) ~ C£ - C* +1 , 



by Theorem § Thus 

X (5 fe P 1 )(x(5"- 2fc X) - x{C l n _ 2k )) = - (5) 

Notice that xlS^P 1 ) = k + 1. Summing up (||) over fc we have 

x{C l n ) = J> + l)(x(^"- 2fe ^) - x(Ci- afc )). 
fc>i 

The proposition can be easily proved by the induction on n using this equation. 
□ 

It follows from ©, @) that 

x(e) = x^ 9 " 1 *) - x(s 9 " 3 *)- 

The Euler characteristic of the symmetric products of curves of g > 1 is known 
(@): 

X (5"x) = (-ir ( 2 - 9 ~ 2 V (6) 

The claim of the theorem follows from this. □ 
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Corollary 1 Suppose that X is hyperelliptic and d < g — 1 . Then 
Proof. From ^ 

x(C r d ) = + l)(x(S d ~ 2k X) - X {CU k )). (7) 

k>r 

Substituting (Q) to (0) we get 

X(CS) = (r + l)x(5 d - 2 ^) - r X (5 d - 2r - 2 X). 
Then the corollary follows from (JTJ). □ 

Corollary 2 Suppose that X is hyperelliptic and d < g — 1 . Then 




The proof of Corollary g is similar to that of Theorem |T] and we leave it to 
the reader. 

3 Cohomologies of the theta divisor and the com- 
plement of the theta divisor 

In this section we assume that (J, 0) is any principally polarized abelian variety 
such that 9 is irreducible unless otherwise stated. By the Poincare-Lefschetz 
duality 

H k (J,Q,C)~H 29 - k (J-e,C). 

Since J — is an affine algebraic variety, 

H k {J-Q,C) = 0, k>g. 

Then from the long exact sequence of homologies for the triple C J C ( J, 0) 
we have 

H k (e, C) ~ H k (J, C), < k < g - 2, (8) 

and the exact sequence 

— ► if 1 (J, C) — ► H l (J — 6, C) — ► if 29-2(6, C) — ► H 2 (J, C) — <9) 
► H 2g _ k (0, C) — > F fc (J, C) — > ff fe (J - 0, C) — > • • • . 
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Let us study the kernel of the restriction map 

L k :H k (J,C)—>H k (J-Q,C), 

for 1 < k < g. To this end we shall use the analytic description of H k (J, C). 
Consider the exact sequence of sheaves: 

o — >c — ► Oj(*e) d(Oj(*e)) — >o, (10) 

where 0j(*8) is the sheaf of meromorphic functions with poles only on 9 and 
d is the holomorphic exterior differentiation map. Since H k (J, Oj(*Q)) = for 
k > 0, we have 

H (J ' C) " dH°(J,Oj(*Q)) ' (U) 

by the long cohomology exact sequence of ([To|). 
Write J as 

j(x) = c 9 /z 9 + nz\ 

where £1 is a point on the Siegel upper half space, that is, f2 is a g x g matrix 
with positive definite imaginary part. We denote the coordinate system of C 9 
by (zi, ■ ■ ■ , Zg). Let 6{z) be Riemann's theta function 



z) = exp(7ri*n51n + 2iri t nz). 



neZs 

The divisor is, by definition, the zero set of 9{z). Define Q(z) by 

Q(z) = log 8(z). 

It is obvious that 

dz t , d(i€H (J,d(Oj(*Q))). 
The following proposition is easily proved by calculating periods. 

Proposition 2 The forms dzi, dQ, (1 <i,j< g) form a basis of H 1 {J 1 C). 

This proposition is stated for hyperelliptic Jacobian in jllj. But it is true 
for any principally polarized abclian variety (J, 0) such that O is irreducible. 
It is known that H k (J,C) is isomorphic to the k-th exterior products of 

H k {J,C) ~ A k H 1 (J,C). 



G 



We set 

g 



to = 



Y^dziAdQ S A 2 -ff 1 (J, C). 



This form is related with the fundamental class [8] of in H 2 (J, C) ([||, Ch.O, 

§4) by 

[0] = -X^u,, 



Proposition 3 to A H k - 2 {J, C) C Ker t fc , 2<k<g. 

Proof. Let i7 fc (*0) be the sheaf of meromorphic fc-forms on J which have poles 
only on 0. By the algebraic de Rham theorem (c/. [p|) 

r klJ r,^ Ker(H°(j,n k (*&))^H°(j,n k +\*e))) 



i? fc (j-e,c) 



In terms of this description of if fc (J—0, C) and the description ofi? 1 (J,C), 
the map has a simple meaning. 

We set dz] = dz^ A • • • A dzi k and = k for J = (ii, • • • , etc. Then for 
dzj x A dC,i 2 E H k (J, C), which means + 1(h) — k in particular, the image 
ik (dzi 1 A dQ 2 ) is nothing but the meromorphic differential form on J obtained 
as the exterior products of the meromorphic one forms dz^, dQ r , where 
h = {h, ■■■,ik), h = (ii, •••,>)■ Since 

9 Q2 

w = 12 Q^dz~ log9 ^ dZt A dz i = 

as a meromorphic differential form on J, the proposition is proved. □ 
Since is irreducible, 

ff 29 -2(e,c) = c M0 , (12) 

where /lie is the fundamental class of (||, Ch V, Theorem 3.4). It follows 
from (H), ( |l2| ) and Proposition^ that the map 

H 2g ^ 2 (Q,C) ^ H 2 (J,C) 

is inject ive and 

H\J,C) ~ ff x (J- 0,C). 
This isomorphism is proved in [pT| in another way. 
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Corollary 3 dim(Keri fe ) >^ fc 2ff 2 ^, 2<k < g. 
Proof. Since the map 

wA : A k H 1 (J, C) — » A k+2 H 1 (J, C) 

is injective for 0<fc<g— lby the hard Lefschetz theorem, we have the 
assertion of the corollary. □ 



Corollary 4 If 



dim H k (Q) < 



29 



k 



(13) 



for some g < k < 2g — 2, the map i?fc(8, C) ► H 2g k (J, C) is injective and 



the equality holds in (IS) 



Corollary 5 If 



din, ///.(HI ' ( fc + 2 J' (Ni 



for all g < k < 2g — 2, t/ien we have the exact sequences 

— ► H 2g -i(e, C) — ► H l (J, C) — > H\J - 6, C) — c 0, l<g-l, 
— ► H g (Q, C) — ► J, C) — ► H g (J - 9, C) — > 



Theorem 3 Let X be a hyperelliptic curve and (J(X),&) the Jacobian variety 
of X and its theta divisor. Then 



dimtf fc (e,C) = 




< k < g- 2 
g-l<k<2g-2. 



Proof. For < k < g — 2 the claim is already established by (||) . To prove the 
remaining part we use the following result of || (Proposition 3.2.1 (2)). 
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Theorem 4 (W) If X is hyperelliptic 

H k (e,C) ~ IH k (0), 

where IH k (Q) is the intersection cohomology group of G with middle perversity 
(§)■ 

Since the Poincare duality holds for the intersection cohomology groups 
[/J), so is for the singular cohomology groups of if X is hyperelliptic. Thus 

dim H k (Q, C) = dim H 2g - 2 ~ k [e, C) = ^ fc ^ 2 j , .g < fc < 2.g - 2. 

Finally 

dimiF-^C) = (-I) 9 - 1 (x(@) - (-l) fc dim i? fc (6,C)) 

fe/g-l 

V 5 + 1 

Thus Theorem || is proved. □ 
Corollary 6 If X is hyperelliptic, 

H k (j(x)-e,c)- ;;',',-;,'vT <>-/<■--.'/■ " : '< 

particular 



A k H 1 (J{X),C) 

uj A k - 2 m{j{x),cy 



dimi/ fc (j(x)-e,c) = ( ^ )-( fc 2ff 2 



With the intersection form, H 1 (J(X),C) is a symplectic vector space of 
dimension 2g. It is isomorphic to the first fundamental representation of the 
symplectic group Sp(2g, C). Then it is well known that the right hand side of 
( [l5| ) is isomorphic to the fc-th fundamental representation of Sp(2g, C) (see || 
for example). 

Corollary ^| is one of conjectures in fil| . 
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